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The following conjecture of R. L. Graham is verified: If n_~no, where no is an explicitly 
computable constant, then for any n distinct positive integers aa, a2, ..., a ,  we have max aJ(a~, as) ~- 

t , J  

~n ,  and equality holds only in two trivial cases. Here (a~,aj) stands for the greatest enmmon 
divisor of a~ and aj.  

R. L. Graham asked the following question in [2]: Is it true that ( f  al, a2, ..., a, 
ai are distinct positive integers, then m a x -  _->n. (Parentheses will denote g. c. d. 

i,j (ai, aj) 
throughout the paper.) 

For a relatively complete history of the problem see [1], pages 78--79. 
If al, as, ..., a, were a counterexample for the conjecture, then each at/aj 

could be written in the form sit where s=aJ(ai, ai), t=aj/(a i, aj), and s, t<n. 
So in fact we are interested only in the ratios of the a~, aj pairs. This idea gives us a 
second version of  Graham's conjecture: 

I f  we have n distinct positive rational numbers rl,  r~ . . . . .  r , ,  we can choose two 
of  them rt and rj so that ri/rj=s/t where (s, t ) = l  and s>=n. 

From this version immediately follows the fact, that each prime greater than 
n -  1 has to be in the same power in each at in a counterexample. We can extend 
this statement to the primes greater than n/2: 

Lemma. Let al, a~, .. . ,  a, be distinct positive integers so that plal, P2(a~ for a prime 
p >n/2. Then 

at (i) max -~n; 
~,i (at, aj) 

ai (ii) i f  max =n holds, then either {a~, ..., a, }= {k, 2k . . . . .  nk} or 
t,j (at, aj) 

{a~, a2 . . . .  , a~}= i ' 2 '  "" '  for some integer k, or n = 4  and {a~, a2, a3, a4} = 

= 3k, 4k, 6k}. 
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Proof. all(a1, a,)>=p gives the result in the case when p>n.  So we may assume p<=n. 
Without loss of  generality we may assume also, that p I(al, a~ . . . .  , a~) but p~fa~+~.... 
... • a, .  We are done again if for some 1 <-i<=s, s + 1 <=j<=n a~/p~a i since then 

a l  

at P ~  >= 2p > n. 
(ai'aJ) - P (ap, a~) 

Otherwise we obtain the following divisibility relation, where brackets denote 1. c. m. 

B = [ b l ,  b2, ..., b,]lA = (a,+~ . . . .  , a,), where bi = al/p (1 ~ i _<- s). 

B B B at aj 
For --=bk ~_~t~smax--b; wehave  ~-k ->s, since bt~-bj whenever i¢ j .  For --=A s+l~-~,max --A 

a t  we have --~>=n-s since a~¢aj if  i ¢ j .  

Now 

a t _ a t _ a t _ a t B A A 
(at, ok) (at, bk) bk A bk B >= s (n-- s)- f f  . 

We are done if the right hand side is greater than n. Consider the cases when 

A <  s(n-s)T=n. 
1. s =  1, n - s = n -  1, A =B.  In this case {a2, a3 . . . . .  a ,_~}= {A, 2A, . . . ,  n A } \ { p A } ,  

al =pB =pA so we get a system described in (ii). 

2. s = n - 1 ,  n - s = l ,  A = B .  Now a, ,=A=B,  { a l , . . . , a , , _ l } = { ~  - 2 ' " " - - ~ - } \  

\ { B  }, so we get the other type of system described in (ii). 

3. n = 4 ,  s = n - s = 2 ,  A =B will give the third possible system in (ii). | 

Now our main idea will be presented in 

Theorem 1. I f  the interval [ 2 n -  t /n+ 1, 2n] contains a prime p then an arbitrary sys- 
tem al, a2 . . . . .  a,, o f  distinct positive integers contains two elements a~ and aj such that 
ai/(al, aj) >=n. 

Proof. We mayassume  that (al, a2, . . . ,  a , ) = l .  I f  for s o m e / w e  have p]ai, we are 
done by Lemma 1. 

We are finished also if ai=-aj (modp)  for some ai>aj,  since then at/(al, a~)>= 
>=ai((ai-aj)/p)-l>p>n. These facts mean that considering the set al, az, . . . ,  a , ,  
- a a ,  - a z ,  ..., - a ,  ( m o d p ) w e  may assume that each residue class contains at most 
two of these elements. 

I f  a class contains two elements, they are a~ and - a  t where i~ j .  We can 
divide the congruence ai=--a~(p) by (a t, aj) ((ai, p)= l ), and we get a ' i = - a j  
(mod p) where a'=ai/(ai, aj), aj=aj/(ai, at). 
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Define a function 40 on the congruent pairs ( a , , - a t )  by 4 0 @ , - a f t ) =  
=a,/(ai, at)=a[. If a[ or a~ is greater than or equal to n, we are done. If  al<n, 
a~<n, then from the congruence a[~ -a~ (modp) weget  p - n < a [ < n ,  p - n < a j < n .  
In this case the image of  40 is contained in the set { p - n + l  . . . . .  n - l } ,  which has 
2 n - p -  1 elements. 

Since the number of  congruent pairs is at least 2 n - ( p - 1 ) = 2 n - p  +1,  there 
are at least two congruent pairs (a~, aj)  and (ak, at) such that 4 0 ( a i , - a j ) =  
=40 (ak, --at)='9. We have the equalities 

a~ a~ 8 and a~ _ a~ _ 
a t aj p- -3  at at p - -3  

Letus  define the positive integers X, Y, X'  and Y' by X Y - I = a ,  aF 1 where (X, Y ) = I  
and X" Y ' - I  =akaj -~ where (X', Y ' )=  1. From the second version of the conjecture 
we are done if max (X, X', Y, Y')>-n. Otherwise consider the equality 

X'  X 3 2 obtained from ak--  ak at al 
Y" Y ( p - O )  ~' as at ai a.j 

Here O2=a~>(p-n)2>=(n--1/n+l)~>n2/2 and 

X 3 z X 1 2 
n > X '  = "(X, ( p - 3 )  2) (03, Y) imply (X, ( p - 8 )  ~) (O 3, Y----~ < 

so X[(p--O) 2, Y[32, i.e. X Y ' = ( p - O )  2, YX'=O 2. Define 2 and # by 2/lt=O/Y, 
(2, p ) = l .  Clearly 218. But from YIO 2 we have that 02/Y=O(Y/O)-~=O(p/2) -~= 
=02/#  is an integer, (p, 2 )=  1, so pl~. This means that 0 can be written in the form 
8=812p, hence min (4, p )<  1/~. We also have the inequality, Y=82/X '>- 82/n. Now 
we distinguish three cases: 

1. Y>9.  In this case, using p > 2 , 2 < t / n ,  8 > n - l / n + l ,  and Y < n  we obtain 

1 . - 2  Y-O t / n - 1  1 
1/~ 2 '9 n _ t f n  t / n '  

which is a contradiction. 

2. '9>Y. Now 2 > # ,  /x<l/~', Y>92/n a n d ' 9 > n - l f n + l ,  imply 

1 J . - - #  ,9 - Y  D - -  (321n) n - ' 9  ll-n - I 1 

1In # Y OVn '9 n - t i n  tin ' 

which is a contradiction again. 

3. We can argue similarly using p - ' 9  and X instead of 8 and Y. So the only case 
left is Y = 8  and X = p - D .  From these two facts we obtain 

a__& = a i at '9 X 
a I aj a~ p - 8  Y 

but this is impossible because at#aj.  
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The idea of the following extension is due to E. Szemer6di: 

Theorem 2. There exists an effectively computable no with the foltowing properties: 
ai 

(i) I f  n~no and al, as . . . . .  a. are distinct natural munbers then max -> i,j (ai, a j) - 
>--n. 

(it) I f  equality holds then the system {al, a2 . . . . .  a. } is either of  the type 
I k k nk} or ol the type -)} io,  some k. 

" " '  " 2 '  " " "  

Proof of Theorem 2. I f  n is large enough then the interval [2n - n a/~ + 1/7, 2 n -  l/2 n 1/2 + 1/7] 
contains a prime p by Ingham's  theorem. Just as in the proof  of Theorem 1, we 
may assume p{al and a i ~ a j  (rood p). Usin£ the notations of  Theorem 1, define 
~(O) = [{(a,, -aj)lcp (at, -aj)=O}l. Clearly 

2 n - p + l  _-< the number of  congruent pairs = ~ ' e ( 8 ) =  

= X 1+ X . ( o ) = z , + x , -  
a(8)=l e(~)>l 

We shall give an upper  bound for I7 2 . Clearly 

Z2 <-- (max ~ (0)) Z I = A B .  
a(a)>l 

From g]o ~, Xl(p-O)  2 we get that A<-_d(O2)d((p-~)~)=O(n ~) for arbitrary ~>0. 
To give an upper bound for B we have to enumerate all values of  0 for which either Y 
may be different from 0 or X may be different from p -  0. I f  Y is different from 0, 0 
can be written in the form 0 = 0~ 2# where Y =  O~p 2 >02In. Similarly to Cases 1 and 
2 in the proof  of  Theorem 1 we obtain now 

2 -  
hence 2 ~n1/~'-x/7/2. 

Since both Y and ~ are in the interval [n--2n 11z+11~, n], and Y/O=#/2 we 
obtain #=2Y/~>-na/2-an/4. But then 0z=O(2/ j ) - I  implies 

01 < 8n ~17. 

Define K = V , I O l - , ,  L = V n l O , - Z  From n-n'/2+'/7<-O=O,( n g ~ - K ) X  
X( n ~ - ~ - L ) = n -  nt/~(K+L)+KLO~ we get that K+L=O(na/7). From n--  
-0(nl/2+1/7)< Y=O~(~n/O~-K)(~n-~-K)=n-/ t - -~(2K)+K201 we get that 2 K =  
=00¢/7) .  Since 0 is uniquely determined by 01, K + L  and 2K we get that the 
number of  possible choices of  0 is at most O (n 2/7) 0 (n 1/7) O (n ~/7) = O (ha/7). We have 
the same result for the number of  possible values of  p - O ,  as well. Thus we have an 
upper bound I2<-AB= O(n ~ n 4/7) for arbitrary s and hence 

171 ~-~ 2n - -p  + 1 - 172 -> 2n - p  + 1 - O (n 4/7 + 1/15). 

Since we know (see [3]), that in the interval I n - 1 / 2 n  1/~+1/~, n] c__ [ p - n ,  n] the number 
of  primes is >=cnl/~+a/7/log n for some positive constant e, we see that the set 
{O[p-n<=O<-n, 0 is not a prime} has at most 2 n - p + l - e n ~ / ~ + l / 7 / l o g  n elements. 
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Since 271 is greater than this value (for n > no) we obtain, that there is a congruent pair 
(ai, - a j )  so that cp(a i, - a j )  is a prime n > p - n > n / 2  and considering ai/(a i, aj)=n 
we are done by the Lemma. (To obtain (ii) we made use also of the fact, that n can 
be replaced by n + ! in some of the arguments taken from the proof of Theorem 1.) 

Acknowledgements. The author would like to express his thanks to E. Szemer6di for 
contributing a key idea to the proof of Theorem 2. 
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